We extend and apply a recent theory of the dynamical spin response of Anderson lattice systems to interpret ESR data on YbRh2Si2. Starting within a semiphenomenological Fermi liquid description at low temperatures T < Tx (a crossover temperature) and low magnetic fields B ≪ Bx, we extend the description to the non-Fermi liquid regime by adopting a quasiparticle picture with effective mass and spin susceptibility varying logarithmically with energy/temperature, as observed in experiment. We find a sharp ESR resonance line slightly shifted from the local f -level resonance and broadened by quasiparticle scattering (taking unequal g-factors of conduction and f electrons) and by spinlattice relaxation, both significantly reduced by the effect of ferromagnetic fluctuations. A detailed comparison of our theory with the data shows excellent agreement in the Fermi liquid regime. In the non-Fermi liquid regime we find a close relation of the T -dependence of the specific heat/spin susceptibility with the observed T -dependence of line shift and linewidth.
I. INTRODUCTION
In several recent experiments [1, 2] , low-temperature ESR has been observed in some heavy-fermion metals, in particular YRh 2 Si 2 (YRS) [1, 3] . The phase diagram of YRS has a magnetic-field induced quantum critical point and is a model system for the study of quantum criticality in the Kondo lattice. Consequently, the observation of a narrow ESR resonance in this compound aroused great interest, especially since it was commonly believed that heavy-fermion ESR would be unobservable due to an enormous intrinsic linewidth ∆B of order k B T K /gµ B [1] . Here T K is the lattice coherence ("Kondo") temperature for the onset of heavy-fermion behavior and gµ B is the gyromagnetic ratio for the resonance. These were the first observations of ESR in Kondo lattice systems at T < T K .
A common feature of the compounds in which ESR has been observed appears to be the existence of ferromagnetic fluctuations [2, 4] These findings challenge our understanding of heavy fermion compounds: How does a sharp electron spin resonance emerge despite Kondo screening and spin lattice relaxation, and why is this process influenced by ferromagnetic fluctuations? In a recent paper ("AW") [5] , we discussed the background of these questions and answered them in the framework of Fermiliquid theory. An alternative explanation based on localized spins was subsequently proposed by Schlottmann [6] . The general derivation of Fermi liquid theory from the microscopic theory for a two-band Anderson lattice model has been given by Yip [7] In YRS, the observed narrow dysonian [8] ESR line shape was originally interpreted [1] as indicating that the resonance was due to local spins at the Yb sites. Therefore, initially the authors speculated that the narrow ESR line might indicate the suppression of the Kondo effect near the quantum critical point, since, as explained above, carrying over Kondo impurity physics to the Kondo lattice, one might expect the local spins to be screened by the Kondo effect, giving rise only to a broad spin excitation peak, too wide to be observed in ESR experiments. However, a closer look [9] revealed that itinerant (heavy) electron ESR could give rise to a similar line shape since the carrier diffusion in YRS is quite slow. Thus, whether the resonance is that of localized or itinerant spins remained an open question.
In this paper, we extend our previous work [5] to the non-Fermi liquid (NFL) region of the YRS phase diagram and make a detailed comparison with the data. Excellent agreement is obtained for the Fermi-liquid (FL) regime. In particular, the ratio of the contributions ∝ T 2 and ∝ B 2 to the linewidth in the FL region is very well reproduced. In addition, we account for the anomalous behavior observed in the NFL region for the resonance line shift and the linewidth, One absolutely essential aspect of our theory is the lattice coherence of the quasiparticles in the Anderson or Kondo lattice model: it is this lattice coherence that is responsible for the absence in the lattice case of the strong local spin relaxation that is observed in single Kondo impurity physics. Attempts to account for the observed logarithmic temperature dependence of the lineshift as arising from single Kondo ion physics above the Kondo temperature are therefore problematic, since lattice coherence is lost in that case This was analyzed in Sec. III of AW. The Hamiltonian of the simplest Anderson lattice model, assuming momentum independent hybridization is given by
where ǫ kσ = ǫ k − ω c σ/2, σ = ±1, is the conductionelectron energy spectrum and ω c = g c µ B B is its Zeeman splitting; c
iσ are creation operators of the conduction electrons in momentum and spin eigenstates (kσ), and of electrons in the local f level at site R i , respectively. The operator n f iσ = f + iσ f iσ counts the number of electrons on the local level, and ǫ f σ = ǫ f − ω f σ/2. V and U are the hybridization amplitude and the Coulomb interaction matrix element. We take the Zeeman splittings ω c and ω f to be unequal, as they are in real materials. We consider the limit ω f − ω c → 0 in the Appendix.
We now review the results for the dynamical spin susceptibility χ +− (Ω) obtained in AW [5] . We find a single resonance peak
where the resonance frequency is given by [10]
Here m * /m is the quasiparticle effective mass ratio. We note that for equal g-factors the line position is not shifted. In the Appendix, we discuss the complete result, showing that even in the case of unequal g-factors there is only a single resonance peak. We also show that the residual Fermi liquid interaction effects drop out of the resonance frequency.
The linewidth Γ has contributions from quasiparticle scattering and from the conduction electron spin lattice relaxation γ
Here R = [1 + U χ +− (0)] is identified as the Wilson ratio, U is the Fermi-liquid spin-exchange interaction [11] and χ +− (0) = M/B is the static transverse spin susceptibility (M is the spin polarization). The numerical coefficient α depends on the band structure and is of order unity. In the case of a sizeable ferromagnetic interaction, ( U > 0), R >> 1, the linewidth gets narrowed by a factor 1/R. We suggest that this effect is responsible for the fact that so far an ESR line has only been observed in compounds that exhibit signatures of ferromagnetic fluctuations.
A. Magnetic anisotropy of ESR line
The magnetic response of YRS is strongly anisotropic, largely because of the single ion anisotropy. The Zeeman Hamiltonian of the f -electron ground state doublet of Yb in tetragonal symmetry has the form
, where the z-axis is along the crystallographic c-axis. The anisotropy of the g-factor is about a factor of 20, g f ⊥ = 3.6 and g f = 0.17 . We assume for the present that the anisotropy of the interaction is negligible. The Hamiltonian is then diagonal in the coordinate system in the spin space that diagonalizes H Z . The eigenvalues of H Z are found as
where φ is the angle between the magnetic field B and the c-axis.
The above results, Eq. (2), for the dynamical spin susceptibility χ +− (Ω) obtained in [5] for the isotropic model may then be generalized to the anisotropic model by replacing ω f by ω f (φ) and taking the tensor of spin susceptibility projected onto the direction of the static magnetic field. According to Ref. [12] , the angle dependence of the resonance frequency is well-represented by Eq. (5). This indicates that the anisotropic part of the residual Fermiliquid spin-exchange interaction is small. As we shall see later, the temperature dependence of the line shift in the non-Fermi liquid regime suggests that there may be a small anisotropic interaction component. We shall explore the consequences of such a non-spin rotation invariant term in Sec. IIC, below.
B. ESR line shift and linewidth in the Fermi liquid regime
In Fig. 1 , we show a sketch of the phase diagram of YRS, including the B, T ranges in which ESR experiments have been carried out. Here, the crossover to the Fermi liquid (FL) regime is determined by the onset of FL behavior in thermodynamic quantities [13] . The T * crossover is primarily determined by Hall effect results [14, 15] that can be interpreted as a transition (from left to right) to a large Fermi surface.
The high magnetic field ESR data reported in [3] show a crossover from a low-temperature Fermi-liquid (FL) like regime to a higher temperature non-Fermi liquid behavior at a temperature T x ≃ 5 Kelvin. In the FL regime the line shift appears to be temperature independent. Relative to the ionic g-factor of 3.86 [1] , the resonance is shifted to lower values g ⊥ ≃ 3.42 independent of magnetic field in the range 5.15 to 7.45 Tesla. Estimating the effective mass ratio, which is also temperature independent below T x in the magnetic field range considered, as m * /m ∼ 40, we obtain from Eq. (3) a g-shift ∆g ≃ 0.04, which is an order of magnitude too small. This discrepancy may point to an additional small anisotropic spin interaction, which we consider in the following subsection.
As for the linewidth, in the FL regime Schaufuß, et al [3] find a linewidth that follows the law Γ(T, B) ∼ T 2 , extrapolating to Γ(0, B) ∼ B 2 as T → 0. The experimental ratio of the prefactors of the T 2 and B 2 terms,
] turns out to be r exp ∼ 2. Estimating the Wilson ratio from the available specific heat data [16, 17] at T x = 5 K and in magnetic fields B ≈ 6 Tesla, ∆C/T = 0.032 K −1 Yb −1 and spin susceptibility data [17, 18] 
5, we calculate from Eq. (4) the theoretical ratio r th ∼ 1.2α, in good agreement with the experimental value. Note that the large enhancement of the single particle Zeeman splitting by the Fermi liquid interaction (a factor R) is essential in obtaining this agreement.
C. Effect of non spin-rotation invariant Fermi liquid interaction.
The spin-orbit interaction in conjunction with the tetragonal lattice anisotropy may be expected to lead to a small admixture of a non-spin-symmetric component to the Fermi liquid interaction of the form −4I( − → S ·ĉ) 2 , whereĉ is the unit vector along the c-axis of the tetragonal lattice. Taking the magnetic field along the b-axis, we employ a coordinate system in spin space, in which the z-axis is oriented along the magnetic field and the x-axis along the c-axis (see Fig. 2 ).
The ESR oscillating transverse magnetic field is circularly polarized in the x − y plane, which is the a − c plane of the crystal, perpendicular to the static magnetic field. The screening of the static magnetic field is effected in linear order in I only when the component of the magnetic field alongĉ is nonvanishing. In turn, the dynamic screening is changed at linear order in I, for any component of B static perpendicular toĉ . Thus, the static and dynamic screening are effected differently by I, which gives rise to a resonance line shift, which we now calculate. As we show in the Appendix, the dynamical screening of the f f component of the dynamical susceptibility is modified in the presence of I to
Thus, in the transverse spin response, the Fermi-liquid interaction is changed to
The notation is as in AW [5] , Eqs. (16-18): χ f f,H is the susceptibility of Fermi-liquid quasiparticles in the absence of vertex corrections (bubble diagram only) and the subscript H indicates that the bare Zeeman energy ω f is replaced everywhere by
Here U s = U + 4I cos 2 φ and U is the renormalized onsite f f repulsion that appears in the effective low-energy Hamiltonian (see AW for further details). The resonance position is therefore shifted as
Substituting ω − kF as obtained in the Appendix and using the definition of R, we find that the resonance frequency is modified from Eq. (3) to
Since most of the ESR data have been taken in the configuration of magnetic field perpendicular to the caxis, i.e. φ = π/2 , we concentrate on this case from now on. We may try to determine I by fitting the lowtemperature line shift [3] . In the following, we assume I to be independent of temperature and magnetic field. In the NFL regime, experimentally χ +− f f (0; T ) is a decreasing function of temperature, such that the g-shift increases as observed in experiment, provided I > 0. We may relate I to χ
We observe in passing that the magnetic susceptibility data indicate that in the non-Fermi liquid regime U appears to depend on both temperature and magnetic field.
III. ESR IN THE NON-FERMI LIQUID REGIME.
We now attempt to phenomenologically relate the framework we have set up to the ESR data in the NFL regime by using the observed specific heat and susceptibility T and B dependences. The non-Fermi liquid behavior in the temperature range T > T x appears in the ESR data as a nearly logarithmic increase of the g-factor with temperature and a change in the temperature dependence of the linewidth from T 2 to T . This change into the NFL regime occurs at about the same temperature as the observed changes in the specific heat and spin susceptibility.
A. Resonance shift
In the theoretical resonance shift, Eq. (6), the T -and B-dependences enter in two ways, if we continue to assume that the temperature dependence of the anisotropic Fermi-liquid interaction parameter I may be neglected: 1) through the susceptibility χ +− f f (0), which we get from experiment, and 2) through the effective mass ratio, which we extract from the measured specific heat γ-coefficient (∆C = γT ), by taking γ ∝ m * /m. Using these experimentally determined quantities, we shall use Eq. (6) to evaluate the theoretical resonance shift and compare it to the observed one.
We shall use Eq. (6) to calculate the g-shift δg = g − g ion f at two reference temperatures T = 4K and T = 10K. The inputs are the values of m/m * from the observed specific heat [16] , taking m * /m = 40 at T = 5 K and B = 6 T as a reference point, the observed susceptibility [18, 27] Table I . Since we have assumed that I is independent of T and B, we can evaluate it from Eq. (6) using experimental data at T = 4K, B = 0.2T as discussed in the previous Section. The result is I = 0.063 × 10 6 mol/m 3 The data on the ESR line shift given in Fig. 2  of [3] show an approximately linear ln T dependence in the T -range 4K < T < 10K. Therefore, to check the accuracy of our theoretical result, Eq. (6), we fit the two calculated δg values to a linear ln T function and give the resulting theoretical slope in the last column of Table I . The comparison of the calculated and observed values of the slope ∆g/∆ ln T is shown in Fig. 3 . It is seen that the agreement is quite good, supporting our assumption of a constant interaction I. The theory explains the rather strong dependence of the ln T term on magnetic field, decreasing by approximately a factor of 8 as the magnetic field is stepped up from 0.19 T to 7.45 T. The present theory predicts that the slope of the ln T dependence of the g-shift depends sensitively on the magnetic field orientation (the angle φ) and it reverses sign when B static is oriented along theĉ-axis of the crystal. 
B. Linewidth
Turning now to the linewidth, we use the analyticity properties of the self energy Σ(ω) to infer the linewidth from the temperature dependence of the specific-heat coefficient γ(T ). Here one has to observe that only part of the specific heat enhancement is coming from the nonanalytic contribution of the self energy Σ. An additional part is coming from the regular (analytic) contribution to Σ. Therefore one may split the effective mass into two components, m * /m = (m * /m) reg +(m * /m) sing . The specific heat data show a ln T variation over a wide range on top of a background. If we identify the back- 
In the limit of T ≪ T x the above expression recovers the Fermi liquid result Γ qp ∝ T 2 , as discussed above, while at T ≫ T x the non-Fermi liquid result Γ qp ∝ T is obtained. This is in qualitative agreement with experiment. It is worth pointing out that a similar structure of the self energy has been proposed for the "strange metal" phase of the cuprates under the name "marginal Fermi liquid theory" [28] . By comparison with the effective mass ratio we find a th ≈ 6 and using R ≈ 7 we get p th ≈ 0.1. The experimental value is p ex1 ≈ 0.02, which is quite a bit smaller. Similarly, from the experimentally observed coefficient of the T 2 term of the linewidth, Γ/T 2 ≈ 0.004 K −1 in the Fermi liquid regime, one extracts again a value p ex2 ≈ 0.02 . The discrepancy may come from our assumption that Σ sing is entirely due to spin-flip scattering and from our very approximate determination of Σ sing . Vertex corrections will for example remove any non-spin interaction contribution to Σ sing from the linewidth Γ. If this is correct, it would imply that the fluctuations contributing most to the ln T term in the specific heat are nonmagnetic in origin. Finally we comment on the possible contribution to Γ caused by the regular part of Σ reg (ω). In this case the prefactors c r , c i of the low energy limiting forms ReΣ reg (ω) = Σ reg (0) + c r ω and ImΣ reg (ω) = c i ω 2 are not directly related. The KramersKronig relations imply in this case that, e.g., the higher frequency parts of ReΣ reg (ω) will predominantly determine the coefficient c i , while the coefficient c r has little influence in this. In the present case, the resulting imaginary part and coefficient c i is apparently small.
IV. CONCLUSION
We extended and applied our recent theory [5] of the dynamical spin response of Anderson lattice systems to interpret ESR data on YbRh 2 Si 2 . Starting with a semiphenomenological Fermi-liquid description at low temperatures T < T x (a crossover temperature) and low magnetic fields B ≪ B x , we extended the description to the non-Fermi liquid regime by adopting a quasiparticle picture with effective mass and spin susceptibility varying logarithmically with energy/temperature, as observed in experiments. We find a sharp ESR resonance line that is broadened by quasiparticle scattering and spin lattice relaxation, both significantly reduced by the effect of ferromagnetic fluctuations. A more complete evaluation of the results presented in our first paper shows that the ESR-line position is shifted by an amount ∝ (g f − g c ) , thus reducing to zero for equal g-factors. In the case of different g-factors there is only one sharp resonance line at ω ≃ ω f , the local f -resonance frequency. The observed strong anisotropy of the ESR response is shown to follow from the single-ion spin anisotropy, assuming an approximately spin-conserving exchange interaction.
A detailed comparison of our theory with the data shows excellent agreement in the Fermi-liquid regime, when the model is amended by a small anisotropic part of the spin exchange interaction, induced by spin-orbit coupling. We assumed the strength of the latter to be independent of temperature and magnetic field throughout the regime considered in the experiments. In particular, the ratio of the contributions ∝ T 2 and ∝ B 2 to the linewidth in the FL region is very well reproduced by theory.
In the non-Fermi liquid regime we find a close relation of the T -dependences of the specific heat and spin susceptibility with the observed T -dependences of the line shift and linewidth. There are two terms contributing to the temperature dependence of the lineshift [Eq. (6)] in opposite ways. The first and dominant one is proportional to the spin susceptibility χ and leads to a resonance frequency increasing with temperature, while the second and smaller one is proportional to the inverse specific heat coefficient 1/γ, leading to a decreasing behavior.
The observed approximately linear ln T dependence of the g-shift is determined by χ and 1/γ, (in the restricted temperature regime, where the remaining curvature in both χ and 1/γ tends to compensate), while the magnitude of the shift is fitted by adjusting the anisotropic exchange interaction constant I. The observed rather strong magnetic field dependence of the prefactor of ln T is very well accounted for by χ. Finally, we attempted to relate the linewidth to the singular part of the self energy Σ sing , by identifying the ln T contribution to the specfic heat coefficient with the effective mass deduced from Σ sing . On a qualitative level, the observed crossover from T 2 to linear T behavior of the linewidth upon entering the non-Fermi liquid regime is reproduced. However, the line width is found to be approximately a factor of 5 too large compared to experiment. The most likely explanation of this discrepancy is our neglect of vertex corrections, which would remove any non-magnetic contribution to Σ sing from the linewidth.
Overall the extended quasiparticle picture used to account for the ESR-properties in the non-Fermi liquid regime appears to work quite well. It would be interesting to compare with data taken at much lower temperatures, when the present theory would predict, e.g. nonlinear variation of the g-shift with ln T , as exhibited by χ. Also, a cleaner identification of the linear T dependence of the linewidth would be essential to corroborate the extended quasiparticle picture. Finally, our theory makes definite predictions for the anisotropy of the lineshift.
Then for low energies one has a quasiparticle description, with G f f
kσ and the renormalized hybridization amplitude V 2 = z σ V 2 . The complex energy eigenvalues are given by
where, assuming
From now on we can safely neglect the term involving (∂Σ f /∂ǫ k | kF ), since it is small -of order z << 1.
Using partial fraction decomposition, we construct the retarded Green function 
For sufficiently small imaginary parts, γ ≪ ( V , ǫ f σ ), we may neglect them in the weight factors a f f,± kσ , ... and replace ζ ± kσ by ǫ ± kσ . The quasiparticles interact via the residual Fermi liquid interaction. For ESR, the relevant component of the Fermi liquid interaction is the spatially isotropic spinantisymmetric part described by the Landau parameter F a 0 = −2N 0 U . Here U is the coupling constant of a spin isotropic exchange interaction H ex = − U − → S · − → S , which leads to a quasiparticle energy shift δω k = U M , where the spin polarization M is given by M = χ H ω kF , with χ H the unscreened static spin susceptibility (in the absence of the Fermi liquid interaction) and ω kF the fully renormalized quasiparticle Zeeman splitting at the Fermi energy.
For definiteness in the following we assume a band filling of somewhat less than two electrons per site, such that the Fermi level lies in the lower quasiparticle band (energy ζ ± kσ ), and ǫ f σ is close to the Fermi energy. The screened Zeeman splitting is then obtained by solving the self-consistent equation
where R = 1/(1 − U χ H ) is the Wilson ratio. One observes that in the case of ferromagnetic correlations, when R >> 1, the single particle Zeeman splitting is enhanced by a large factor. We conjecture that this effect should be observable in tunneling experiments. In the two-particle spectrum probed by electron spin resonance, the enhancement is completely removed by dynamical screening (see AW).
As derived in AW, the dynamical transverse susceptibility χ +− (Ω), where Ω is the frequency of an a.c. electromagnetic field polarized transverse to the static magnetic field, is given by
The partial susceptibilities are obtained by evaluating Feynman bubble diagrams dressed by vertex corrections of the ladder type referring to the Fermi liquid interaction (local electrons) and the spin-orbit interaction (impurity correlation lines for the conduction electrons). The final result obtained in AW may be reexpressed as
There appear to be two different resonance denominators in the above expression. Only the resonance at ω r has been observed in ESR experiments The resonance at ω − kF , is shifted to much higher frequencies (the factor R !). However, a closer look reveals that the weight of the resonance at ω 2 , where a, b is c or f , one finds that the prefactor of the second resonance is zero. In the limit of equal g-factors, the prefactor of the first resonance simplifies to 2N 0 R and its position is unshifted, ω r = ω f . In the absence of spin lattice relaxation, the linewidth shrinks to zero in this case. This is not reproduced in the above calculation, since we did not take into account the vertex corrections belonging to the imaginary part of the self energy (the scattering-in term in Boltzmann equation language).
Non-spin rotation invariant Fermi liquid interaction
The relatively large g-shift observed in experiment suggests the presence of a small additional spin-symmetry breaking Fermi liquid interaction I. Since this interaction can only be mediated by the spin-orbit interaction it should have preferred direction given by the lattice symmetry. We therefore assume the form I αβ;γδ = −I(c · τ αβ )(c · τ γδ ), where τ is the vector of Pauli matrices and c is a unit vector in the direction of the crystallographic c-axis of the tetragonal lattice. The screened and unscreened tensor susceptibilities X, X H , where X ij = S i ; S j , i = x, y, z, are connected by the Bethe-Salpeter equation
The solution is given by
where X p is the projected unscreened susceptibility
To linear order in I the general expression simplifies to
H (X H · c)(c·X H )] −1 X H In the main configuration of the experiments, the static magnetic field is oriented parallel to the ab-plane, say along the a-axis. We take this to be the z-axis in spin space and identify the c-axis with the x-axis. Then we see that the screening of the static field is not changed to linear order in I, as X +z = X z+ = 0, etc. The dynamical response with the time-dependent magnetic field oriented perpendicular to the z-axis is, however modified. Using χ +x χ x− = 1 4 (χ +− ) 2 we find
